In this paper we shall first study solvability of mixed monotone systems of operator equations in an ordered normed space by using a generalized iteration method. The obtained results are then applied to prove existence of coupled extremal quasisolutions of the systems of first and second order mixed quasimonotone differential equations with discontinuous right hand sides. Most of the results deal with systems in a Banach space ordered by a regular order cone.
INTRODUCTION
In [6] existence of coupled minimal and maximal quasisolutions of the system u(t) = fi(t, ui(t), [u] pi(t),[U]qi(t)) t e [0, T] , ui(O = Uol, i = 1,...,n (1) is studied by assuming that the functions fi are continuous, mixed quasimonotone and satisfy one-sided Lipschitz condition with respect to u i. The last assumption is replaced in [5] by gmonotonicity of the functions fi"
In this paper we shall extend the above mentioned results to the case when the functions fi are allowed to be discontinuous in all of their variables. These extensions will be 1Peceived: July, 1991 . Revised: September, 1991 obtained as applications of a result proved first for operator equations of mixed monotone type in an ordered normed space. This result will be applied also to the second order mixed quasimonotone system uT(t = fi (t, ui(t) , [u] pi(t), [u] qi, u(t)), t e [0, T], = u (0) = in an ordered Banach space.
ON MIXED MONOTONE OPEILTOIt EQUATIONS
In this section we shall study solvability of the operator equations v = A(v, w), w = A(w, v) in an ordered normed space X.
Theorem 2.1:
Given a subset Z of X possessing the least and the greatest element, and a mapping A: Z x ZZ, assume that (A1) A(.,z) is increasing and A(z, ) is decreasing for each z g.
(A2) (A(vj, wj))= 1 converges in Z whenever (vj)= 1 and (wj)je= are sequences in Z, one being increasing and the other decreasing. Theu the system (2.1) has a solution (v, w) such that (i) v <_ w and , Iv, w] for any other solution (V, ) of (2.1).
Proof:
Note first that X x X, equipped with componentwise addition and scalar multiplication, is an ordered normed space with respect to the norm and the partial ordering given by II (v, w) II II II / II w I I and (v, w) < (, ) if and only if v _< and < w. hio (x) fi(x' Woi(X), [Wo] This and (c) imply that the sequence (Ai(vj, wj))j= converges uniformly on J to u i. Thus, denoting u = (u,..., Un) then A(vj, wj)--,u in X = C(J,Rn) with respect to the uniform norm. Moreover, it is ey to see that u Z, whence (A(vj, wj))= converges in Z. This convergence can be proved similarly also in the ce (vj)= is a decreeing and (wj)j = x an increing sequence in Z. Thus, A satisfies the condition (A2) of Theorem 2.1. Noting aho that v 0 is the let and w 0 is the greatest element of Z, it follows from Theorem 2.1 that (2.1) has a solution (v, w) Ai(v,w)(t) = fi(t, vi(t), [v] pi(t),[w]qi(t))-t-pi(t)vi(t), t e S (a) defines for each i = 1,...,n a mapping i:Z x Z--,L(J,E), which is increasing in the first argument and decreasing in the second one. Thus, the initial value problem u(t) + ti(t)ui(t) = i(v, w)(t) for a.e. t E J, ui(O) = Uoi has for each = 1,...,n and v,w E Z a unique absolutely continuous solution u = Ai (v,w) given by Ai(v w)(t) = exp( f Ii(x)dz)(Uoi + ezp( f li(s)ds)Ai(v, w)(x)dx), t E J. (c) In the special case when Pi = n-1 and qi = 0, = 1,..., n we obtain from Theorem 3.2 the following result for the system u(t) = fi(t, u(t)) for a.e. t e J, ui(O) = Uoi, i = 1,...,n, (3 If the equalities hold in (4.2) and in (4.3), we say that v, w are coupled quasisolutions of (4.1). In particular, if v = w = u, we say that u is a lower, an upper or an ordinary solution of (4.1), respectively.
Our considerations are based on Theorem 2.1 and the following Lemma, which is a consequence of Example 2.1 and Lemma 6.1 of [3] . Assume now that the functions fi: J x E n + 1--,E satisfy for each i = 1,..., n (fa) (4.1) has coupled lower and upper quasisolutions v0, To, such that v 0 _< w o and (fb) fi (', u(. ) u"(t) = A!(t)u'(t) + B!(t)u(t) + C!(t) for a.e. t e J, u(O) = Uoi, u'(O) = uli (4.7)
has for each i = 1,...,n the uniquely determined solution u = Voi when j = 1, and u = Woi when j = 2, and that Voi _< Woi and V'oi _< W'oi for each = 1,..., n. From (4.6) it follows that 6.1 of [3] that (v0, v) _< (u, u') _< (w0, w) [1]
[4]
[6]
